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Abstract. A method is derived for the determination of the eigenvalues and the correspond- 
ing eigenfunctions which arise in the problem of forced convection of heat through an infinite 
tube of arbitrary cross-section. The solution is obtained in terms of the eigenvalues and 
eigenfunctions of the related reduced wave equation, and involves the calculation of the 
eigenvalues of a suitable symmetric matrix. 
The problem of the diffusion and convection of heat in laminar flow has been consid- 
ered for a variety of cross-sectional geometries. The classical Graetz problem considers 
tubes with circular cross-section, but solutions have also been obtained for tubes with 
elliptic, annular, triangular and rectangular cross-sections, and for flow between parallel 
plates.[1,6,5,2] 
More recently, the problem has been studied for tubes with arbitrary cross-section. In 
[3] and [4] , a preliminary study of the properties of the eigenvalues and eigenfunctions 
for this problem was initiated, and this work is continued in this paper to consider 
the determination of the eigenvalues and the construction of the eigenfunctions for the 
generalisation of the Graetz problem to tubes with arbitrary cross-section. 
PRELIMINARY ANALYSIS 
We consider an infinite tube with its axis aligned in the x direction, and arbitrary cross- 
section D in the y - z plane. 
For a fluid in steady laminar flow down the tube, the velocity profile u(y, z) is given by 
the solution of 
a2 a2 
where V2 = - + - 1 ay2 a22 
(2.1) 
is the Laplacian operator restricted to the transverse variables, p is the viscosity, and 
ap/dz is the (constant) pressure gradient in the tube. Since the pressure gradient is 
negative, it is convenient to denote the right-hand side of equation 2.1 by -c . 
On the boundary aD of D we have the no-slip condition u = 0, so it is appropriate to 
expand u in terms of the eigenfunctions 4,, of the reduced wave equation 
v:4n + x;4n = 0 
where 4n = 0 on 8D, and we assume that the 4n are normalised so that SD 4,4,, = S,,. 
Since the set of eigenfunctions is complete, we can write 
u = 2 an4n, 
n=l 
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a.nd ;subsCtufing in (2.1) we &air? 
Using the orthonormality of the eigenfunctions this gives 
-x2,a, = -c 
/ 
$5, 
D 
- c7n 
so that = cm. 
The Graetz for this can be as 
nV2T ug inDxR, 
T = 0 onaD,x<O, 
= 1 onaD,z>o, 
T --* 0 inD,x-+ -co, 
---) 1 inD,x+ oo, 
where K is the thermal diffusivity and T is a suitably scaled temperature. 
The solution of this system can be written in the form 
T = 2 ~?~~‘~B~~)(y,a) for x < 0; 
1-g e8~‘ZB~)(y,s) for x > 0; 
n=l 
where s!,‘) are the positive eigenvalues and s?) are the negative eigenvalues of the system 
v:e + (s2 - s”)0 = O in D 
O=OK onaD, 
(2.2) 
and oil), 0i2’ are the corresponding eigenfunctions suitably scaled. 
THE EIGENVALUES AND EIGENFUNCTIONS 
Writing B = C,“=, b,qi, and substituting in (2.2) , we obtain 
e(s2 - X2,)b,4, = 
n=l 
(3.1) 
where P = C/K. is a P&let number for the system. 
Again using the orthonormality of the &, (3.1) re d uces to the infinite algebraic system 
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or, in matrix terms 
(s21 - SPA - L2)b = 0 
where A = (a,,) is symmetric, and L2 = diag(xt). 
Setting SC = Lb and (sI- PA)b = Lc , this gives 
sI-PA -L 
-L ,I) (:) = (:) 
so that the required eigenvalues are those of the symmetric matrix 
(‘,” (I;) 
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(3.2) 
(3.3) 
(3.4 
and the coefficients b, in the eigenfunction expansions are given by the corresponding 
eigenvectors. 
Incidently, since the matrix is symmetric, this gives an independent proof of the reality 
of the eigenvalues in this case. 
Numerical approximations to the eigenvalues can now be obtained by truncating the 
system and using a suitable numerical procedure to calculate the eigenvalues of the 
matrix obtained. Since the matrix is both sparse and symmetric, there are packages in 
for example the NAG Library which can perform the required computations efficiently. 
Denoting by Si’) (21 , S, the eigenvalues of the truncated system, we have 
N 
II 
TZ=l 
n=l 
which agrees with the asymptotic estimate sn s,, (l1 (2) = -Xi found in [4]. 
A NUMERICAL EXAMPLE 
The technique outlined above was applied to the case of a tube with square cross-section. 
For D = [0, ?r] x [0, ?r], the eigenfunctions for the reduced wave equation are sin ry sin mz, 
and the corresponding eigenvalues are given by Xi = r2 + m2. 
Using N = 28 and P = 1, the first four pairs of eigenvalues and eigenfunctions for the 
Graetz problem are 
$) = 1.4869184 
Bi’l = sin y sin z + .004342(&r y sin 32 + sin 3ysin z) 
+ .000315(sin y sin 52 + sin 5y sin 2) - .000353 sin 3y sin 32 
+ .000057(sin y sin 72 + sin 7y sin 2) 
- .000035(sin 3y sin 52 + sin 5y sin 32) 
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ii21 (21 = - 1.3448947 - 1 sinysinz .003703(sin y sin 32 + sin 3y sin 2) 
- .000271(sin y sin 52 + sin 5y sin z) + .000339 sin 3y sin 32 
- .000049(sin y sin 72 + sin 7y sin z) 
+ .000031(& 3y sin 52 + sin 5y sin 32) 
p = 2.2967035 
f_#l 2 -  sin sin z 2y + .005258 sin sin 32 2y 
+ .005190 sin 4y sin 2 + .000414 sin 2y sin 52 
- .000516 sin 4y sin 32 + .000496 sin By sin z 
-sin 2y sin z - .004923 sin 2y sin 32 
- .004904 sin 4y sin z - .000369 sin Py sin 52 
+ .000529 sin4y sin 32 - .000449 sin 6y sin z 
$1 =s$), e$yylz) = $1 (z y) , 
sp = 2.8796130 
Oill = sin 2y sin 22 + .005381(sin 2y sin 4.2 + sin 4y sin 22) 
+ .000529(sin 2y sin 62 + sin 6y sin 22) - .000648 sin 4y sin 42 
iT21 ( ’ = - 2.7779095 4 sin2ysin22 - .005177(sin 2y sin 42 + sin 4y sin 22) 
- .000487(sin 2y sin 62 + sin Qy sin 22) + .000675 sin 4y sin 42 
The products of these eigenvalues are 
(l) t2) = _ l.QQCJ8 
31 31 
(il$l = - 4.9995 
and Ii’)~!2) = - 7 9993 - > 
which are very close to the corresponding values for the reduced wave equation. 
CONCLUSION 
The method proposed above gives in theory at least an efficient means of calculating the 
eigenvalues and eigenfunctions for a general Graetz problem. In practice the determina- 
tion of the eigenvalues and eigenfunctions for the corresponding reduced wave equation 
may not be easy, but by way of compensation, once they have been found it is possible 
to solve the corresponding Graetz problem for all values of the P&let number. 
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